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A. Friedman has proved in [I] a “bang-bang” theorem (Theorem 7) for 
the solution of the time-optimal control problem for the equation 
y + A(t) x(t) = u(t) (1) 
with initial and final conditions 
x(O) = 20 , x(T) = x1 (2) 
in a Banach space X, a(*) constrained to belong almost everywhere to a 
neighborhood U of the origin in X. His assumptions are essentially the 
following: (a) existence and strong continuity of a “fundamental solution” 
s(t, ~1, 0 < 7 < t ([II, p. 36) for (1); (b) existence and strong continuity of 
qt, v ([ll, p. 49); and (c) time independence of A( a) near the final point T. 
([l], p. 49.)l We present here a different method of proof of Theorem 7 that 
avoids assumption (c)-too restrictive for some applications-and allows U 
to be any set whatsoever in X. To avoid repetition, we refer the reader to [I], 
especially Section 3 for definitions, assumptions and nomenclature (see also 
Section 2 for a formulation of the time-optimal problem). 
THE BANG-BANG PRINCIPLE (compare with [l], Theorem 7). Let ussump- 
tions (a), (b) be satisjied. Let u,(e), x0(.) b e a time-optimal solution of(l), (2), T 
the optimal time. Then u,(t) E aUfor almost all t in [0, T]. 
PROOF. Assume dist(u(t), 8U) > 0 in a set of positive measure in [0, T]. 
Then there exists T’ < T, 8 > 0 and a set A _C [0, T’] of positive measure 
such that 
dist(u(t), au) > 6 (3) 
1 See also (l), Theorem 5, for the same result with different assumptions. 
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fort EA. Let now 
x(t) = qt, 0) x0 + it qt, 7) U(T) dT 
0 
b e the trajectory corresponding to u(e) ([l], Eq. (1.3)). We can write 
x(T) = x(T”) + (x(T) - x(T”)) 
= S(T”, 0) x0 + i’” S(T”, T) [U(T) + 2)(T”, T)] dT, 
0 
where T’ < T” < T and 
v(T”, ‘-) = & x(T) S( T”, T)-’ [x(T) - x( T”)], 
X the characteristic function of A. Observe now that x(t) is a strongly con- 
tinuous function of t and that, by the uniform boundedness principle, 
1 S(t, 7)-l 1 is bounded in 0 < T < t < T. Then we can take T” so close to T 
that 
I V’, T) I d ~53 (4 
and thus, in view of (3), u(T) + v(T”, ) 7 is an admissible control. This 
shows that U(T) was not optimal, a contradiction. 
REMARK. 1. Let U be a convex neighborhood of the origin. Reasoning 
exactly as in [l], p. 46, we may establish a “maximum principle” for the 
time-optimal problem; there exists f, E X*, the dual space of X such that if 
u. is an optimal control 
for all admissible controls u(a). In the case X is a Hilbert space, U its unit 
sphere, this implies 
S*cT, T)fo 
“(‘) = I/ S*(T, T)f,, /j * 
REMARK 2. The bang-bang principle can also be established in the case of 
moving control sets U(t), i.e., constraints on u(*) of the form u(t) E U(t) 
a.e. in [O, T]. We only need the following assumption: for each u E X the 
function a(t) = dist(zl, aU(t)) is measurabze. For then, if u(e) is a strongly 
measurable function, dist(u(t), au(t)) is measurable-as seen by means of a 
simple approximation argument-and the reasoning used to establish the 
bang-bang principle applies. If each U(t) is convex and contains a fixed 
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multiple of the unit sphere, Remark 1 holds. An application: let X be a 
Hilbert space, U(t) = {U E X j I/ u /I ,< m(t)}, m(e) a finite measurable 
function bounded away from zero. Then any optimal control is given by 
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